In this paper, we consider the weakened Hilbert's 16th problem for symmetric planar perturbed polynomial Hamiltonian systems. In particular, a perturbed Hamiltonian polynomial vector field of degree 9 is studied, and an example of Z 10 -equivariant planar perturbed Hamiltonian systems is constructed. With maximal number of closed orbits, it gives rise to different configurations of limit cycles. By applying the bifurcation theory of planar dynamic systems and the method of detection functions, with the aid of numerical simulations, we show that a polynomial vector field of degree 9 with Z 10 symmetry can have at least 80 limit cycles, i.e. H(9) ≥ 9 2 − 1.
Introduction
It is well known that Hilbert's 16th problem [Hilbert, 1902] has two parts. The first part studies the mutual disposition of the maximal number of separate branches of an algebraic curve, as well as the "corresponding investigation" for nonsingular real algebraic curves. The second part, on the other hand, considers the questions of the maximal number and relative locations of the limit cycles of the polynomial system, described by dx dt = P n (x, y), dy dx = Q n (x, y),
where P n and Q n are polynomials of degree n. For this problem, Lloyd [1988] stated that the "striking aspect is that the hypothesis is algebraic, while the conclusion is topological." Let H(n) denote the Hilbert number. Up to now, it is still an open problem whether H(n) is uniformly finite for each n ≥ 2 (see [Ilyashenko, 1991; Li, 2003] ). To find the information of H(n), one strategy is to try to study its lower bound in terms of n. It has been reported that H(2) ≥ 4 [Ye, 1986 [Ye, , 1995 Zhang et al., 1992] , H(3) ≥ 12 [Yu, 2002 [Yu, , 2003 Yu & Han, 2004 , 2005a , 2005b , H(5) ≥ 24 = 5 2 − 1 [Li et al., 2002a] , H(7) ≥ 49 = 7 2 [Li & Zhang, 2004] . When restricted to a small neighborhood of a singular point, it has been shown that H(n) ≥ (n 2 + 5n − 20 − 6(−1) n )/2 for n ≥ 6 (see [Otrokov, 1954] ). Recently, with a "quadruple transformation", Li et al. [2002b] corrected the result of Christopher and Lloyd [1995] and obtained that the number H(n) grows at least as rapidly as (n + 1) 2 ln(n + 1)/(4 ln 2), by perturbing some families of closed orbits of a Hamiltonian system sequence in small neighborhoods of certain centers. Generally, in global phase plane, when n > 3, how many cycles can be created by Eq. (1) and what global limit cycle configurations can appear are still interesting open problems.
Since bifurcation of limit cycles and symmetry are closely connected, in order to obtain more limit cycles and various configuration patterns of their relative dispositions, we apply an efficient method (see [Li & Li, 1985; Li, 1987; Li & Huang, 1987; Li & Zhao, 1989; Li & Liu, 1991; Li & Liu, 1992; Li et al., 2002] ) to perturb symmetric Hamiltonian systems which have maximal number of centers, i.e. to study the weakened Hilbert's 16th problem, proposed by Arnold [1982] . To investigate perturbed Hamiltonian systems, first we need to know the global behavior of the unperturbed polynomial systems, namely, to determine the global properties of the families of real planar algebraic curves defined by the Hamiltonian functions. Then by using proper perturbation techniques, we shall obtain the global information of bifurcations for the perturbed nonintegrable systems. In this sense, we say that our study utilizes both the two parts of Hilbert's 16th problem.
On the basis of the method of detection functions introduced by Li [1982] , we have developed, in this paper, a method of control parameters in order to obtain more limit cycles for a Z 10 -equivariant perturbed polynomial Hamiltonian system of degree 9. With the help of numerical simulations (using Maple) we show that there exist parameter groups such that our system has at least 80 limit cycles with three different configurations.
Z q -Equivariant Planar Vector Fields
First, we present some basic concepts and results which will be used in this paper. Let G be a compact
Lie group of transformations acting on R n . A mapping Φ :
Let q be an integer. A group Z q is called a cyclic group if it is generated by a planar counterclockwise rotation through 2π/q about the origin. Introducing the transformation z = x + iy, z = x − iy into system (1) yields
where
Theorem 1 [Li & Zhao, 1989] . A vector field defined by (2) is Z q -equivariant, if and only if the function F (z, z) has the following form: 
Theorem 2 (Z q −invariant function) [Li, 2003] .
A Z q -invariant function I(z, z) has the following form: 
where b i 's are real, while A i 's are complex.
The orbits of Hamiltonian polynomial systems given in Corollary 1 define different families of m algebraic curves which are Z q -equivariant. One of the main questions in real algebraic geometry is: what schemes of the mutual arrangement (schemes or configurations) of ovals can be realized by the curves of a given degree? By examining some Z qequivariant Hamiltonian systems, we have realized various configurations of ovals for planar algebraic curves of degree m.
The Method of Detection
Functions: Perturbations of Z q -Equivariant Hamiltonian Systems
Consider the following perturbed planar Hamiltonian system:
where H(x, y) is the Hamiltonian, p(0, 0) = 0, 0 < 1 and λ ∈ R. With two linear terms λ x and λ y in the perturbation, it is called rough perturbation.
Suppose that the origin in the phase plane is a critical point of Eq. (6) and the following hypothetic conditions hold:
(A1) The unperturbed system (6) ( = 0) is a Z qequivariant Hamiltonian vector field. There are families of curves {Γ h } defined by the Hamiltonian function H(x, y) = h lying in periodic annuli which enclose at least one singular point. As the value of h changes toward the value defined by the singular points, Γ h approaches a singular point or an inner boundary of the periodic annuli which consist of a heteroclinic (or homoclinic) loop. (A2) Surrounding the periodic annuli, there exist heteroclinic (or homoclinic) loops which connect some hyperbolic saddle points at the values of h defined by these singular points.
Therefore, we can define
which is called a detection function corresponding to the periodic family
is a ratio between two Abelian integrals. In this case, λ(h) is a differentiable function with respect to h. However, when the degree of H(x, y) is greater than 4, classical mathematical analyses cannot be used to calculate λ(h). In this case, numerical techniques are applied. The approach described below is based on numerical computation with the aid of Maple [Corless, 2002] , which is quite efficient to find more limit cycles and their complicated patterns.
Based on the Poincaré-Pontrjagin-Andronov theorem on the global center bifurcations and Melnikov method (see [Guckenheimer & Holmes, 1992; Luo et al., 1997; Perko, 1991; Ye, 1986 Ye, , 1995 Zhang et al., 1992] ), we have the following two theorems (as by Li et al. [Li & Li, 1985; Li, 1987; Li & Huang, 1987; Li & Zhao, 1989; Li & Liu, 1991; Li & Liu, 1992; Li et al., 2002] 
Theorem 4 (Bifurcation parameter created by a heteroclinic or homoclinic loop). Suppose that the conditions (A1), (A2) and (A3) hold. Then for 0 < 1, when λ = λ(h 2 )+O( ), system (6) has a heteroclinic (or homoclinic) loop with Z q -equivariance.
The following two propositions describe the properties of the detection function at the boundary values of h.
Proposition 1 (The parameter value of Hopf bifurcation). Suppose that as h → h 1 , the periodic orbit Γ h of system (6) approaches a singular point (ξ, η), then at this point the Hopf bifurcation parameter value is given by 
then we have
Remark
(1) If Γ h contracts inwards as h increases, then the stability of limit cycles defined in Theorem 3 and the sign of λ (h 2 ) in Eq. (9) change accordingly.
consists of m components of oval families having Z q -equivariance, then Theorem 3 gives rise to simultaneous global bifurcations of limit cycles from all the oval families. (3) If the unperturbed system (6) ( = 0) has several different periodic annuli filled by periodic orbit families {Γ h i }, then by calculating the detection functions for every oval family, the global information of bifurcations of system (6) can be obtained.
We have noticed that hypothesis (A3) is a very important symmetry condition to guarantee the existence of simultaneous global bifurcations of limit cycles bifurcating from all symmetric ovals of unperturbed systems.
A Z 10 -Equivariant Planar Vector Field
From the results given in Sec. 2, for n = 9 (q = 10), system (1) is Z 10 -equivariant, if and only if it has the following form given in the polar coordinates:
System (10) is the polar coordinate form of a Hamiltonian system if a 0 = a 1 = a 2 = a 3 = a 4 = 0, which is reduced to
By changing the polar axis and time scale, we can further reduce Eq. (11), by eliminating two parameters, to the following five-parameter system:
and the Hamiltonian function in polar coordinates is obtained as follows:
Without loss of generality, suppose that (r, θ) = (1, 0) is a critical point of Eq. (12). Then, from Θ(r, 0) = 0 and Θ(r, π/10) = 0, we have a + b + c + d + e + 1 = 0 and and their Z 10 -equivariant symmetric points. Here, z 1 = 0.65, z 2 = 0.7, z 3 = 0.885, z 4 = 1, z 5 = 0.6389658748, z 6 = 0.7454834324, z 7 = 0.8086840806, z 8 = 1.050231017. As h is varied, the level curves H(r, θ) = h of the Hamiltonian defined by Eq. (13) give rise to families of nine algebraic curves in the affine real plane (see Fig. 1 ). Now, the values of Hamiltonian function at each critical point are calculated as follows:
As h changes from −∞ to 0, the schemes of ovals of the tenth algebraic curves are varied, with details given below.
(1) For h ∈ (−∞, h 3 ): there is a global periodic annulus {Γ h 8 }, enclosing all 81 critical points. (2) For h ∈ (h 3 , h 1 ): there exist 10 periodic annuli {Γ h 1i }, i = 1, 2, . . . , 10, enclosing center (z 3 , 0) and its Z 10 -equivariant symmetric points, respectively. Together with {Γ h 8 }, there exist 11 period annuli. Thus, for every fixed h ∈ (h 5 , h 4 ), there is a nest of ovals with the depth 3 denoted by C(1, 1, 1) (see [Li, 2003] 5i , i = 1, 2, . . . , 10, connected to the saddle point (z 4 , 0) and its Z 10 -equivariant symmetric points, enclosing the centers (z 6 , π/10), (z 8 , π/10), the saddle point (z 7 , π/10) and their Z 10 -equivariant symmetric points, respectively. There is also a closed orbit Γ 7i } disappear and {Γ h 0 } keeps shrinking inwards until reaching the origin when h = 0.
The above described changing process of schemes of the ovals are shown in Fig. 2 .
In summary, by using Gudkov's oval notation (see [Gudkov, 1974] ), we have the following conclusion which is relevant to the first part of Hilbert's 16th problem. 
Bifurcation Parameter Values of Z 10 -Equivariant Perturbed Hamiltonian Systems
In this section we consider the following perturbed Z 10 -equivariant vector field:
Corresponding to Eq. (14), the function F (x, y) in the divergence of the vector field of the hypothesis (A3) (see Sec. 3) has the form:
We continue to consider the parametric condition G, i.e. the unperturbed system (12) has the phase portrait as shown in Fig. 1 . We compute nine detection functions defined by Eq. (7), corresponding to the above nine types of periodic annuli {Γ h i }, i = 0, 1, . . . , 8.
where J ij (h) = I ij (h)/φ i (h), j = 1, 2, 3, 4 and
in which D h i is the area inside Γ h i , and
For the given parameter group G, the functions J ij (h) can be numerically calculated to a given degree of precision. In this paper, the precision is given up to ten digit decimal points (as the default of Maple). By using the theory given in Sec. 2, the following values of bifurcation parameters and bifurcation direction detections can be calculated.
Hopf bifurcation parameters
The parameter values for Hopf bifurcations are given below.
(1) Bifurcation from the origin (0, 0):
(2) Simultaneous bifurcations from the center (z 1 , 0) and its Z 10 -equivariant symmetry points: (3) Simultaneous bifurcations from the center (z 3 , 0) and its Z 10 -equivariant symmetry points: (4) Simultaneous bifurcations from the center (z 6 , π/10) and its Z 10 -equivariant symmetry points: 
Bifurcations from heteroclinic or homoclinic loops
The parameter values for the bifurcations of heteroclinic or homoclinic loops can be found as follows.
( 1 + 2wJ 71 (h 7 ) = 5.068765340s + 3.948173491u + 2.925710805v + 1.958148019w.
The values of bifurcation direction detections of heteroclinic and homoclinic loops
The parameter values for the bifurcation direction detections of heteroclinic and homoclinic loops are shown below.
(
= 4.154228604s + 2.829422702u +1.642680749v + 0.650208135w.
Some extra detection function values obtained for parameter control purpose
In this subsection, we consider some extra detection function values which can be used to control parameter values so that we can find exactly 80 limit cycles. These detection function values are given by
(1) λ 1 (h 2 − 0.00001) = 1.516119470s + 1.586538033u + 1.586800516v + 1.439503895w, (2) λ 1 (h 3 + 0.00065) = 1.927815s + 1.759589378u + 1.718028714v + 1.505943701w, (3) λ 2 (h 1 + 0.000005) = 0.1608676140s + 0.3037155236u + 0.5377511325v + 0.8466185292w, (4) λ 2 (h 2 − 0.00001) = 1.835063992s + 1.568650522u + 1.345336723v + 1.157801190w, (5) λ 5 (h 7 + 0.000037) = 0.4796272212s + 0.6887476724u + 0.9278715450v + 1.111893668w. Now we are ready to determine the perturbed parameter group P G : (s, u, v, w) such that our nine detection functions λ i (h), i = 0, 1, . . . , 8, can create extra limit cycles. In other words, we can choose parameters to "control" the number and configuration of limit cycles created by Eq. (14). To this end, three limit cycle configurations have been obtained with different control groups.
Case 1. Suppose that the following conditions hold:
which imply that s = s, u = −3.568366338s, v = 4.880734178s, w = −3.201327275s.
As an example, taking s = 2.8, then (s, u, v, w) = (2.8, −9.991425746, 13.66605570, − 8.963716370 ),
and we obtain the bifurcation values of λ i (h) and the values of direction detections as follows:
It follows from the above discussions that under the parameter conditions of G and P G1, system (14) has the graphs of detection curves as shown in Fig. 3 (a) and a zoom-in is depicted in Fig. 3(b) . It is seen from Fig. 3 (a) that wheñ
in the (h, λ)-plane the straight line λ =λ intersects the curves λ = λ 2 (h), λ 3 (h), λ 5 (h) and λ = λ 6 (h) at least once and intersects the curves λ 1 (h) and λ 7 (h) at least twice, which makes the total of eight intersections in one of the ten equivariant sections. According to Theorem 3, there exist eight limit cycles in one section. Since system (14) is Z 10 -equivariance, it has at least 80 limit cycles with configuration shown in Fig. 4 .
Case 2. If the control conditions given in Case 1 are changed to
then, another parameter group P G 2 is obtained as: u, v, w under which the bifurcation values of λ i (h) and the values of bifurcation direction detections are given as follows:
Based on the above parameter values, system (14) has the graphs of detection curves shown in Fig. 5 (a) and a zoom-in is given in Fig. 5(b) . It is observed that whenλ ∈ (λ 6 (h 6 ), λ 6 (h 7 )) = (−2.82243550, −2.82235555), in the (h, λ)-plane the straight line λ =λ intersects the curves λ = λ 1 (h), λ 2 (h), λ 5 (h) and λ = λ 6 (h) at least once and intersects the curves λ 3 (h) and λ 7 (h) at least twice, which makes the total of eight intersections in one of the ten equivariant sections. Therefore, it appears as eight limit cycles in one section and 80 for the whole plane, as shown in Fig. 6 .
Case 3. If the control conditions are changed to
then, another parameter group P G 3 is obtained as: The above parameter values generate another set of detection function curves shown in Fig. 7 (a) and see a zoom-in in Fig. 7(b) . Whenλ ∈ (λ 5 (h 7 ), λ 3 (h 2 )) = (−2.82228573, −2.82234534), in the (h, λ)-plane the straight line λ =λ intersects the curves λ = λ 1 (h), λ 2 (h), λ 6 (h) and λ 7 (h) at least once and intersects the curves λ 3 (h) and λ 5 (h) at least twice, which makes the total of eight intersections in one of the ten equivariant sections. Therefore, it again gives eight limit cycles in one section and 80 for the whole plane, as shown in Fig. 8 . Consequently, the main results of this paper is proved, summarized in the following theorem.
Theorem 5. For the unperturbed and perturbed parameter groups G and P G, and small > 0, when λ =λ satisfies (17 ), system (14) has at least 80 limit cycles, i.e. H(9) ≥ 9 2 − 1.
Conclusion
In this paper, with the aid of numerical computations, we have applied bifurcation theory of planar dynamic systems and the method of detection functions to show that a polynomial vector field of degree 9 with Z 10 -symmetry can have at least 80 limit cycles, i.e. H(9) ≥ 9 2 − 1. The method can be used to calculate the limit cycles for higher degree polynomial vector fields. The conjecture: H(n) ≥ n 2 − 1 needs further investigation.
